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A numerical procedure for calculating the magnetic field of a solenoid is derived. Based on
the properties of Bessel functions, the procedure is shown to be convergent everywhere, in-
cluding within the windings of the solenoid. The most critical part of the procedure is detailed
in the main text. A simple method is used to ensure numerical significance while allowing
economical computational times. In the appendix the procedure is generalized to universal
convergence by appropriate partitioning of the solenoid windings.

I. INTRODUCTION

Any method of accurately calculating charged particle trajectories in solenoidal
magnetic fields requires a knowledge of the magnetic field at every point along the
path. The usual methods of calculating a magnetic field [1-5| are not well suited to
the problem if a trajectory both inside and outside the magnet and far from the axis
of the solenoid is required. Some methods also have difficulty if the solenoid is thin,
or high accuracy is required. The following method based on the properties of Bessel
functions and Fourier Bessel transforms has characteristics that make it well suited to
the problem. The same algorithm can be used to calculate the magnetic field
everywhere without having to transform the origin. The resultant series expansion in
r, the distance from the axis, converges rapidly, and the method is easily program-
med. There are no restrictions on the allowable aspect ratio of the magnet.

Using this technique, a numerical procedure was evolved having a wide variety of
applications. The main body of this paper deals with deriving the fundamental for-
mulas applied to generating a series in positive powers of r. A variation of the
method, producing a convergent series in negative powers of r, is introduced in such a
way as to yield a procedure that converges everywhere, even within the windings of
the solenoid.

* The U.S. Governments right to retain a nonexclusive, royalty-free license in and to any copyright
covering this article, for U.S. Government purposes, is acknowledged.
ThlS work was performed under the auspices of the U.S. Department of Energy.
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II. MATHEMATICAL THEORY

A magnetic field, B, in a current-free medium can be derived from a scalar
potential, ¢. Thus,

B=—Vg (1)

and
Vig=0. (2)

Equation (2) can be solved for ¢ if ¢ is specified on some boundary. As an
important case, the apparent magnetic potential of a circular loop of current can be
written in the plane of the loop as

¢ =51y, if r < R viewed fromz > 0,
=—+lu, if r <R viewed from z <0, 3)
=0 if r>R,
where I is the circulating current, g, is the permeability of the medium, R is the
radius of the loop, and r is the distance from the center of the loop.

Because of cylindrical symmetry, ¢ can be expressed everywhere for z > 0, except
at the radius of the loop, as the Bessel transform [6]

6(r, z) = j:’ AQL, R) Jy(Ar)e ™ di, @)

where the origin of the cylindrical coordinates is at the center of the loop. The
function A(4, R) depends only on 4, R, y,, and the current I.

Using Eq. (3), Eq. (4) can be solved for A(4, R) in the plane of the loop from
Bessel transform theory [6]. The resulting potential is

6(r, 2) =+1Ru, | © J(AR) Jy(Ar)e* di. (5)

0

From Egs. (1) and (3) the components of the field can be found:
B, =—28/0z = +1Ru, | © ML (AR) Jo(Ar)e= ! dA, (6)
0
and

B, = —a6/or — sgn(z)+ IRy, JT M,(AR) J,(hre= 1! dA, (1)

0

where sgn(z) = +1 for z 2 0. The function sgn(z) determines the sense of a positive
current, counterclockwise or clockwise, when viewed from z > 0.
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The field of an axially symmetric solenoid can be derived as a superposition of
loop fields given in (6) and (7). Given a solenoid with rectangular cross section, inner
radius R,, outer radius R,, and width 2z,, let the origin of a cylindrical coordinate
system be at the geometrical center of the coil with the z axis aligned with the axis of
the solenoid. It will further be assumed that the current in the solenoid is distributed
evenly throughout its cross section. Equations (6) and (7) can then be integrated over

the cross section to give the field for |z| < z,:
R2 O
B, =I,uOJ' RdR J J(AR) J,(Ar) [1 — e~ ** cosh Az] di
R 0
and
R2 e}
B,=Iu, j RdR j J(AR) J (Ar)e* sinh Az dA.
R 0
For |z| > z,,
R2 el 1 .
B, =1Iu, j RdR j J,(AR) Jo(Ar)e~*'' sinh Az, dA
R 0

and

R ve)
B, =1t | " RdR [ J1R) J,(Ar)e™ 1" sinh Az, sgn(2) d,
R 0

where [ is now the current density in the solenoid’s cross section.
Numerically Eqgs. (8)(11) present two main cases for integration:

R2 o]
Su(r,2)= " RdR [~ J,GiR)J,(ir)e™"* di
R 0
and

R2 lee]
S,(r,z)= j RdR j Ji(AR) J,(Ar)e " dA.
R 0

(8)

9)

(10)

(1

(12)

(13)

By allowing z, to become very large in Eq. (8), it can immediately be deduced that

Sl = " RaR | 1R J,(r) di,

=R,—R, if r<R,,
=R,—r if R,<r<R,,
=0 if r>R,,

(14)
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because as z,— oo the exponential term in the bracket vanishes. The field in this case
becomes a constant where r < R,, equal to Iy, (R, — R,), hence Eq. (14). Equation
(14) is a special case of a discontinuous Weber—Schafheitlin integral [7,8]. The
meaning of Eq. (14) is that solutions obtained by the methods outlined below will
describe the field of a solenoid everywhere they converge, including inside the
windings of the solenoid.

In terms of the S integrals, for |z| < z,:

B. =1uyS,o(r) —F1Tug| S,o(r, 2o — 2) + S,1o(rs 2o + 2)] (15)
and
B, =5 Iuy|S,,(r,zy — 2) — S,,(r, 2, + 2)]. (16)
For |z| > z,:
B. =3 1uo|S o, |2] — 2o) = Sy | 2] + 20) | (17)
and
B, =5 1Iuysgn(2)[S,(r]2] — 29) = §,4(r 2] + 2y) |- (18)

III. CALCULATING THE S INTEGRALS

The first method of choice in evaluating S ,,(r, z) and S, (r, z) was to expand the
respective integrands in powers of r. In theory, these power series could be generated
from a knowledge of the z derivatives of the field along the axis, which can be written
in closed form [9]. Using the properties of Bessel functions, however, greatly sim-
plifies this task.

For example, Eq. (12) can be rewritten by expanding J,(4r):

. (=D)mrm o

Syo(r z) = [RZ RdR JL 22mJ (AR)e " di. (19)

‘R o 22M(mY)?
The 1 integral can be evaluated from the general formula |8]
[ rUesin e dr = I(n + k + 1) Py *(cos B, (20)
Y

where I'(x) is the gamma function and P, (x) is the associated Legendre function of
the first kind of degree n and order —&.
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A form for this associated Legendre function with k equal 1 can be found in
Sneddon’s book [10], referred to as Ferrer’s function,

P, (x)=(1—x) " [ P(x) dx. 21)

"1

Using the power series expansion for Legendre functions |7, one obtains

(_1)k< 2m)< 4m — 2k
< (=)"@2m+ 1) " k 2m )
_ oy Eoremt s,

Slo(r’z) ”:0 24m+l(m!)2 r [}:'0 m+%—“k

R2
XJ’ HR2+ZZ]7m_22m+lvzk {R2+221—»2m~(l/2)+k}dR’ (22)

Ry

where

(Z) - W}W (23)

The original Bessel function integrals over the volume of the windings is thus reduced
to the sum of the elementary integrals in Eq. (22).
Renaming the integral

K@= [R?+2"|""dR (24)

“Ri

the S integrals can be written

Sy(rz)= : ri" S C:)"'k[sz(z)_ZZMHvszamH—zk(z)] (25)
m=0 k=0
and
Syr2)= ,\; rim _\: C:".k[KZm+l(z)_22m+272kK4m+3~2k(z)]’ (26)
m=0 k=0
where 2m\ [ 4m — 2k
(—1)"“"(2)71 + 1) ( L > ( 5 )
C(’;'A: 4m+1 2 1 " (27)
2 (my (m+-5 —k)
and
(—1)'"+k(2m +2)! ( 2mk+ 1 )( 4m2+ 2 — Zk)
ok m+1 (28)

2" S mim+ D (m+ 1 —k)
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The C coefficients are independent of r and z and need only be calculated once.
The values of the K, (z)’s may be found as follows: The substitution

R=ztan 8 (29)

in Eq. (24) reduces it to the form
62
Ky (z)=z2""" J (cos 8)>™* dé. (30)
01

Knowing K,,(z) for m=0, -5, 1, and -}, it is possible to determine all the K, (z)’s
by forward recursions, i.e., using the relation,

n-2

1 n—1
Jcos"xdx: ;cos""x sin y + ——n—j cos" ™ xdy. (31)
For small values of z the use of (31) introduces inaccuracies due to loss of
significance. A value of z must then be chosen, below which forward recursion can-
not be relied upon for a given numerical significance. Instead, the integral in Eq. (30)

can be expanded as an ascending power series in cos 8 to any desired accuracy using
Eq. (31):

1 m+2 cos’f
0m — i m+l[ ]. 32
J(cos " df sin 8 (cos 8) m+1+m+1 m+3+ (32)
It is easy to see that Eq. (32) will not converge very quickly if
cos 8~ 1. (33)

It is therefore not economical to use the expansion in (32) every time just to avoid
forward recursions in Eq. (31).

Experience using the above procedure showed that, for a given set of solenoid
dimensions, a crossover value z, could be chosen. For z > z forward recursion using
(31) was performed with 25-digit accuracy. For z  z., Eq. (32) was used. To es-
timate the extent of the loss of significance for small values of z in forward recursion
suppose

e (34)
Then define

m+2
z?7*dR
7 N/ Dm+1 2
[R* + z¢]

02 R2
A,sz cos'"”(;cw:j (35)
01 R

so that

(2o/R\) A > Ay > (2/R,) Ay (36)
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The number of significant decimal digits, N, lost per forward iteration evidently
satisfies

—2log(z./R,) < N < —2log(z/R,). (36a)

Care must then be taken such that at the end of a sequence of forward recursions
there is enough significance left to give an accurate answer. In the next section a
technique will be described that reliably calculates magnetic fields of solenoids taking
these numerical constraints into account.

IV. NUMERICAL PROCEDURE

The most difficult task encountered in implementing the above theory was to avoid
loss of significant digits as a result of recursions and cancellation of large numbers.
Convergence of the power series expansions for S,,(r, z) and S,,(r, z) is discussed in
the appendix, where it is shown that there are two overlapping regions of convergence
corresponding to two different methods of expanding the integrals. The method below
converges in the region including the entire axis of the solenoid and in fact converges
for some r > R, beyond the ends of the solenoid where R, is the inner radius of the
solenoid.

When discussing the relative merits of using Eqs. (31) and (32), it was mentioned
that a crossover point was chosen so that if z >z, Eq. (31) was implemented using
double precision (25 digits). If z < z., Eq. (32) was used with single precision. A
satisfactory value for z_ was found to be

z,=+R,. (37)

A maximum of 40 terms is retained in the square bracket in Eq. (32). The highest
power of r retained in S, is '%. The highest in S, is »*°.

Equations (27) and (28) were not used directly to derive the C’s because of possi-
ble overflow problems. Instead the following set of recursions was used:

=, (38a)

cr0=1, (38b)
— [— 3 [

cmh = (m—k+1)2m—2k+ 1)(m+3—k) ) (38¢)

k(4m — 2k + )Y(m + 5 — k)

and

mk __ Cm.k

S81°37:14
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and

(4m + 1 — 2k)(m + -+ — k)
Q@m+ 1= 2k)(m + 1 — k)

Ccmk = cmk, (38d)

Using the integral [7]

j:o ¢ J () di = 2T (ii%ﬂ) / r( ”-'ﬁzii) : (39)

it can be shown that

| 3

C(r)n'kz 5m,05k,0- (40)

k=0

0

This means that the term K,,(z) with m# 0 in Eq. (25) does not contribute to the

sum and can be eliminated. Doing so makes very little difference in the final result

for most values of z. Equation (40) serves as a valuable check on the calculation of

the C’s. A more involved analysis can be applied to the C7"*s. To the accuracy we

needed, it made no difference when the C™* sum on k was replaced. Convergence to

at least six significant figures was always possible with 19 powers of r for r <R,.
As an example, a solenoid with

R,=25cm, (41a)
R,=16.0cm, (41b)

and
zo=25¢cm (41c)

was calculated. The current density was taken to be 1.3 X 10* A/cm®. At the center of
the solenoid the z component of the magnetic field was

B, =6.83722 Tesla. (42)

Tables I, 11, and III show the convergence of the magnetic field at points 2.5 cm
from the axis. Convergence further from the axis is discussed in the appendix. The z
coordinate is measured from the center of the solenoid. Depending on the distance
from the edges of the solenoid and the distance from the axis, convergence can take
from under 1 msec to approximately 5 msec on a CDC 7600.

V. DISCUSSION

The theory outlined in the previous sections turns out to be a straightforward
numerical procedure. Because of the potential for loss of significance, care must be
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TABLE I

R,=25cm, r,=16cm, I=1.3x 10 A/em’,

(r,z)=(2.5,0)cm

Highest power of r B, (Tesla) B, (Tesla)
1 0.0 6.83722
3 0.0 7.64610
5 0.0 7.49653
7 0.0 7.48513
9 0.0 7.48348

Il 0.0 7.48446

13 0.0 7.48461

15 0.0 7.48449

17 0.0 7.48447

19 0.0 7.48449

21 0.0 7.48449
TABLE II

R, =25cm, R,=16cm, = 1.3 X 10* Ajem’,
zo=25¢cm, (r, z)= (2.5, 2.5)cm

Highest power of r B, (Tesla) B, (Tesla)
1 0.9851928 5.712192

3 1.010640 5911321

5 1.010519 5.908042

7 1.010537 5.907809

9 1010536 5.907865

11 1.010536 5.907859

13 1.010536 5.907859

TABLE III

R,=25cm, R,=16cm, I=1.3 X 10" Ajem’,
zo=2.5¢cm, (r, z)= (2.5, 5.0) cm

Highest power of r

~ W W=

13
15
17
19

B, (Tesla) B, (Tesla)
0.8251600 3.775101
0.8206319 3.584169
0.8078811 3.564366
0.8087418 3.570087
0.8096119 3.570912
0.8095179 3.570430
0.8094174 3.570348
0.8094305 3.570408
0.8094449 3.570419
0.8094428 3.570410

49
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taken if its use is extended into regions with large values of r. The trouble is due in
part to the need for precise evaluation of integrals, such as those found in Eq. (36),
for small values of z. This defect can be circumvented, however, by choosing the
appropriate recursion relations in the direction of higher accuracy.

Another factor affects the accuracy of these calculated integrals. For large values
of r the magnetic field is small but the first few terms of the power series can be very
large. Thus, a loss of significance is incurred as these large numbers are summed.
Since the above expansion was not used in this region, it was not judged economical
to generate a more accurate algorithm for the integrals. In the appendix a method is
developed that extends the region of stable convergence by summing series of
negative powers of r.

Experimentation with the method detailed above shows that convergence improves

TABLE 1V

R,=25cm, R,=16cm, I=1.3x 10° A/em’,
zo=25cm, (r, z)=(5.0, 7.5) cm

Highest power of r B, (Tesla) B, (Tesla)
1 1.011484 2.468339
3 0.8761310 1.975846
5 0.8725797 2010794
7 0.8887247 2.026500
9 0.8791547 2.012162

11 0.8815285 2.018027

13 0.8827050 2.017900

15 0.8810454 2.016149

17 0.8818667 2.017492

19 0.881883 2.017130
TABLE V

R,=25cm, R, =16 cm, I =13 X 10* A/em’,
zo=2.5 cm, (r, z) = (16, 22.5) cm_

Highest power of r B, (Tesla) B. (Tesla)
1 0.2868293 0.3388440
3 0.09284060 0.03210549
5 0.1657673 0.1710878
7 0.1472648 0.1299535
9 0.1511418 0.1388841
11 0.1499722 0.1368353
13 0.1504776 0.1376258
15 0.1503227 0.1373119
17 0.1503218 0.1373698

19 0.1503598 0.1373990
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as the distance from either end of the solenoid increases. Using the example of the
previous section, Table IV shows the convergence at a point with r =5 cm (twice the
inner radius) at 7.5 cm from the center of the solenoid. Table V shows the con-
vergence at r = 16.0 cm, 22.5 cm from the center. An exact relation for the regions of
convergence is derived in the appendix.

In short, the numerical technique described above is easy to program, fast running
on a digital computer, capable of delivering high accuracy, and flexible enough to
compute a large range of particle trajectories, parts of which lie at an appreciable dis-
tance from the axis.

APPENDIX: CONVERGENCE OF SERIES FOR S, AND §,,
Using Eq. (20), Eq. (19) may be written

0 1\ 2m
Sl )= (=1)" r"2m + 1)!
m=0

R2 —m— _ Z

2 )? J R(R? + ) 12 PZ"’I(_(R———z—i-zZ)”z) dR.
! .

(A1)

In order to study the convergence of the sum in (A1), it is necessary to know the
behavior of the integral for large values of m. Using the transformation in Eq. (29),
the integral in (A1) becomes

~-2m+1 62 . 2m -2 -1
H, =z [ sin B(cos )" Py, )(cos §) 6. (A2)
Y61

As m— oo, the asymptotic form [7] of P;,}(cos ) can be used to give

-2m+1 F(Zm_)_ l :
Hy~2 rem+3) <‘2 ”) (A3)

53] 1
X f (sin 8)* (cos 8)*™ 2 cos [ <2m + —) 6 — 3—75] ds,
., 3773

where the gamma function, I'(x), has been introduced. From the mean value theorem
a @ can be found such that

8, <8<, (A4)
and
m I'(2m 1\~ .
Hm~Z 2 +lﬁﬁ(5ﬂ> (92~—01)(s1n9)1/2

X(cosﬁ)z’"‘zcos[(Zm-i-%) 9—245]. (AS)
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It is evident that H,, is finite for all values of z. This need only be proved for the
case z =0. From Eq. (29),

cos @=z|R* + 2°| V2 (A6)
Thus as z—- 0,
cos B < z/R,. (A7)

Expanding the bracketed term in (A6) in powers of (z/R)’ yields the limiting value as
z— 0,

6, —0,~z(R; —R; "), (A8)
Thus as z - 0,
I'(2m) | AN Civp —2m
ol < Fpmy (37) R —REOR (49)

For large values of m Stirling’s approximation can be used to show that as z -0

|H,| <z m)~ 2R 2m+5)" (A10)

Equation (A6) may now be substituted into (A5) for all values of z+# 0 with
assurance that the resultant analysis will be valid for z=0:

H, o~ n) 2 2m+3)"37[(8,—0,)z7 | R[R* + 22| ~/Dem=3" (A1)
where R is defined by
cos @ =z[R* + 2|~V (A12)
As m— oo it is not difficult to see that
R-R,. (A13)

This is because the largest value of cos # in (A3) is at R=R,.
Replacing the integral in Eq. (A1) with the asymptotic expression for H,,, it is evi-
dent that the series for S,,(r, z) will converge if

r< [RE+ 24)VA (A14)

A similar analysis yields the same radius of convergence for S, (r, z).

In Eq. (A14), as well as Eqs. (12) and (13) of the text, z is measured from the ends
of the solenoid. Geometrically this means that the region of convergence in an (r, z)
plane will lie below the upper limbs of the hyperbolae

r—z2=R?, (A15)
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centered at the ends of the solenoid and above the z axis. Even though this is already
a large and useful region of convergence, it can be extended to cover the entire (r, z)
plane.

To see this it is necessary to go back to Eqs. (12) and (13). Instead of expanding
J.(Ar)s in ascending power series of (Ar), the Bessel function J,(AR) is expanded:

og R2 (_l)mR2m+2 dR o B
S,,(r,z)= At (A Mzl gg, Al6
l:(r Z) mz:‘{} '[Rl 22m+lm!(m + 1)' ’[0 u( r)e ( )

where v =0, 1. The integrals in (A16) can be evaluated using Eq. (20) so that

0 (_I)M(Rgm-u __RferJ) (2m +r4+ 1)’

L z)= )
Slu(r Z) m‘:() 22m+l(2m+3) m!(m+ 1)!
zZ
X[r2+zZ](m+1)P2;+l(m). (A17)

By substituting the asymptotic expression [7] for P37, ,(x), as m — oo, into (A17), as
well as using Stirling’s approximation to evaluate the factorials, it is easy to show
that (A17) converges if

rP+ 22> R (A18)

Note that (A17) has powers of r in the denominator of each term, but is not an
asymptotic series. In constrast with the terms in (Al) the terms in (A17) can be
evaluated with little loss of significance, except at zeros on the interval —1 <y < 1,
by the forward recursion relation |7

P00 =1@n+ D)xP () — (n+v) P M (0)]

X [n4+1+v]7, (A19)
where
Pip)=P° (x)=1 (A20a)
and
Pyl =P100) = [(1 = /(1 + 0)]'” (A20b)

can be used to start the recursions.
Geometrically, (A18) means that Eq. (A17) converges in the region of the (r, z)
plane outside the semicircles

r’=2"+ R} (A21)

bounded below by the z axis and centered at the outer boundaries of the solenoid.
Figure 1 shows the region in the (r,z) plane where neither (Al) nor (A17) will
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r2.z2=R2

12,222 Rg

z

Fi1G. 1. Region of nonconvergence for two expansions. Points in the shaded area cannot be
calculated using either (A1) or (A17).

z

FiG. 2. Partition of solenoid winding for convergence. Point P in Fig. 1 defines a partition of the
solenoid winding into two parts in such a way that the calculation converges at P. The shaded region of
nonconvergence now does not include P.

converge. A point P in the shaded area cannot be calculated using only the series in
(Al) or the series in (A17).

It is possible to calculate the field at the point P in Fig. 1 by dividing the solenoid
into two sections, as in Fig. 2. Dividing the solenoid winding into parts with r > r,
and r<r,, (A17) can be applied to calculate the field due to the lower part while
(A1) can be applied to calculate the field due to the upper part. In this way the field
can be calculated at any point in the (r, z) plane with assurance that the series being
summed is convergent. Economical achieving this convergence numerically is possi-
ble in practice using the information given above.
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